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Abstract − We consider an instance T 0 of Post’s system of tag for which we show that it is
nonlinear. Then we discuss some computer simulations and study the periodic behavior of T 0 .
1. Introduction
One of the oldest and simplest rewriting systems is Post’s system of tag. Such a system T with T =
(Σ,d,P, ω0) consists of an alphabet (a finite set of symbols) Σ, a natural number d (the deletion number
of T ), a function P : Σ→Σ∗ from symbols from Σ to strings over Σ, and an input or initial string ω0
(ω0∈Σ+; Σ+ denotes the set of all nonempty strings over Σ and Σ∗ = Σ+∪ {λ}, where λ is the empty
word, i.e., the string of length 0). Each Post’s system of tag is deterministic and possesses a state space
which consists of all strings over Σ. The way in which state changes take place — or, equivalently, how
the string ωt +1 is obtained from the string ωt (t ≥ 0), denoted by ωt ⇒ ωt + 1 — is as follows:
g If the left-most symbol of ωt equals σ, then we append the string P (σ) to the right end of ωt . We
denote the string obtained in this fashion by ω′t .
g We delete the first d symbols from ω′t; this yields ωt +1 .
Post’s systems of tag have been introduced in [7,8]; cf. [6] for an introduction. They are quite
powerful, since they are able to simulate Turing-machine computations [5] and thus to perform every
effective computation. However, in this note we restrict our attention to a single simple instance T 0 of
such a system (§2). In §3 we show that this instance is nonlinear. Computer simulations and the
periodic behavior of T 0 are discussed in §4 and §5, respectively. §6 consists of conclusions and an
open problem.
2. Examples
We consider two instances of Post’s system of tag and discuss their behavior. The first one happens to
be linear whereas the second one turns out to be nonlinear; cf. §3.
Example 2.1. Let T 1 = (Σ,d,P, ω0) with Σ = {a}, d = 3, P (a) = a 2 and ω0 = a 4 . Then aaaa ⇒ aaa ⇒
aa ⇒ a ⇒ λ. Thus ω0 vanishes in four steps: there is no rule to rewrite λ.
Slightly more general is the system T 2 = (Σ,d,P, ω0) with Σ = {a}, P (a) = a k and ω0∈Σ+ . If c ω c
denotes the length of ω, then T 2 can be described by c ωt + 1 c = c ωt c + k − d, i.e., by a first-order linear
difference equation, of which the solution results in ωt = a (k − d) tω0 . Now for d > k, ωt vanishes, i.e.,
ω0 ⇒
τ λ with τ = R c ω0 c / (d − k) H; for d = k, ω0 is a fixed point: ω0 ⇒t ω0 (t ≥ 0); and for d < k, ω0
explodes: c ωt c → ∞ as t → ∞. `
Of the simple instances of Post’s system of tag the following one — already studied by Post in
1921-1922; cf. [8] — is one of the simplest nontrivial cases; cf. [1,2,3,6,7,8,9,10]. The remaining part
of this note is devoted to this instance.
Example 2.2. Consider T 0 = (Σ,d,P, ω0) with Σ = {0,1}, d = 3, P (0) = 00 and P (1) = 1101. Examples
of its behavior are in Figure 1 for the input string ω0 equal to 1000 and to 1001, respectively. `
For an arbitrary Post’s system of tag T we can distinguish the following types of behavior:
(1) After τ steps we enter a periodic cycle with (minimal) period pi: ωτ + pi = ωτ . For T 0 with ω0 = 1001,
we have τ = 3 and pi = 2; cf Figure 1.
(2) After τ steps we reach a fixed point (pi = 1). T 0 has no fixed points other than λ.
(3) After τ steps the string vanishes (pi = 0). For T 0 strings 0n vanish with τ = n. See also Figure 1.
(4) ω0 explodes, i.e., c ωt c → ∞ as t → ∞. This is the only form of chaotic behavior for T (τ + pi = ∞).
For T 0 no examples of this behavior are known up to now.
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1 01101 11101
2 0100 011101
3 000 10100
4 00 001101
5 0 10100
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8 . . .ulululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
Figure 1.
3. Nonlinearity of T 0
If Σ consists of a single symbol, then T is equivalent to a linear difference equation (Example 2.1). But
when Σ contains more than one symbol, T becomes nonlinear. For T 0 we have the following result.
Proposition 3.1. T 0 is equivalent to the following nonlinear difference equation
I Q (26 ⋅ 2lng(ut) + ut − 7) / 8 P if ut is even,J
ut + 1 = KJ
L Q (3 ⋅ 2lng(ut) + ut − 7) / 8 P if ut is odd,
where lng(ut) is the length of the 2-adic representation of ut , i.e., if
ut =
i = 0
Σ
n
di ⋅ 2i
with di∈{1,2} (0 ≤ i ≤ n), then lng(ut) = n.
Proof (sketch): Starting from T 0 we first change each 1 into 2 and each 0 into 1. In this way we obtain
T 1 . Next we interchange “left” and “right”, which results in T 2 . The effect of these manipulations on P
and on a string ωt are shown in the following table.ululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululul
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Finally, we interpret all strings over {1,2} as 2-adic representations, keeping in mind that 3 and 26 in
decimal notation correspond to 11 and 2122, respectively. `
In essence T 0 has the same structure as a younger but more famous simple nonlinear system, viz.
The 3x + 1 problem. (Also: Ulam’s problem, Collatz’s problem, the Syracuse problem, etc. [4]):
I vt / 2 if vt is even,J
vt + 1 = KJ
L 3 ⋅ vt + 1 if vt is odd. `
The 3x + 1 conjecture. For each initial value v 0 (v 0∈IN) the ultimate behavior of vt is the 3-cycle
. . . ⇒ 4 ⇒ 2 ⇒ 1 ⇒ 4 . . . (∗). `
But comparing T 0 and the 3x + 1 problem yields the following two differences. (i) The periodic
behavior of T 0 is much richer than the single 3-cycle (∗); cf. §4 and §5. (ii) Each state of the 3x + 1
problem has a predecessor: for each n in IN there exists a number m in IN (viz. m = 2 ⋅ n) such that
m ⇒ n. On the other hand T 0 possesses so-called Garden-of-Eden states, i.e., states that can only exist
at time t = 0 (viz. all strings ending in 11, 10, 001 or 0101).
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4. Computer Simulations of T 0
We performed two series of computer simulations of T 0’s behavior. Both series were obtained by vary-
ing the initial string ω0 . First we consider small inputs, i.e., c ω0 c ≤ 15. There is no need to consider all
these small strings, since many of them show the same ultimate behavior. We introduce the following
obvious equivalence relation.
Definition 4.1. Let d be a natural number. A position i in a string ω is called critical if i mod d = 1.
Two strings ω and ω′ are equivalent — notation: ω ≡ ω′ — if c ω c = c ω′ c , and they are equal at their criti-
cal positions. `
Observation 4.2. Each equivalence class [ω] with respect to ≡ contains a minimal element ρ with
respect to lexicographical order. This representative ρ is obtained from ω by changing the 1’s at the
non-critical positions in ω into 0’s. `
Example 4.3. Let d = 3 and ω = 1010111. Then ω ≡ 1110111 and ω ≡ 1100011, but ω ≡/ 1000000.
The representative ρ for [ω] is 1000001. `
In the first series of simulations (small inputs) we take all nonempty strings over {0,1} of length at
most 15. Next we determine the 186 equivalence classes with respect to ≡ and the corresponding
representatives ρ(n) (1 ≤ n ≤ 186). E.g. ρ(1) = 0, ρ(2) = 1, ρ(3) = 00, ρ(4) = 10, ρ(5) = 000, . . . . and
ρ(186) = 100100100100100. The corresponding instances T 0(n) = (Σ,d,P, ω0(n)) with ω0(n) = ρ(n) of
T 0 are indexed by n with 1 ≤ n ≤ 186.
The second series of simulations (worst case inputs) is easier to describe. The instances are
T 0(m) = (Σ,d,P, ω0(m)) with ω0(m) = (100)m and will be indexed by m with 1 ≤ m ≤ 200. The fact that
(at least) the first m + 1 steps are in the direction of an explosion accounts for the “worst case” character.
Note that the intersection of these two series consists of m = 1, 2, 3, 4, 5 or, equivalently, n = 6, 18,
43, 90, 186 respectively.
Due to space limitations we only give some examples of the results of these simulations; a more
complete overview will appear in [3]. Generally spoken, little can be said with respect to the initial
behavior (0 ≤ t ≤ τ); regular patterns only turn up in the periodic behavior (t ≥ τ). See also §5.
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Table 1. ω0(n) = ρ(n) (130 ≤ n ≤ 186)
In §2 we already mentioned that all inputs of the form 0n vanish in n steps. But there are many
more inputs that vanish ultimately; see Tables 1 and 2 where M is the maximum string length encoun-
tered on the interval [0,τ] and T is the first moment at which this maximum length occurs. Some of
these inputs (m = 106, 160 and 195) need a considerable time to disappear.
Next we turn to periodic cycles; see also §5. In the sequel we use A = P (0) = 00, B = P (1) =
1101, x = AB and y = BBAA as abbreviations. Examples of periodic cycles are in Table 3 of which the
last column contains a string over {A,B,x,y} preceded by its position in the cycle. Clearly, this string
completely determines the cycle. So for m = 24, 33, 109 and 167 we have the same cycle. The same
cycle may also be entered at different points; see m = 7 and 16.
4 P.R.J. Asveld
ululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululul
m τ(m) M (m) T (m) m τ(m) M (m) T (m) m τ(m) M (m) T (m)ulululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululul
5 411 56 97 70 14196 456 1750 144 395712 2076 115972ululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululul
13 703 68 51 74 18338 548 7098 148 836540 1836 465486ululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululul
14 37912 768 18168 78 8676 592 2062 160 1433762 7130 1009788ululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululul
22 1778 172 1068 80 44316 636 15212 166 56908 1264 8054ululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululul
25 4129 206 2949 91 11347 748 5081 169 380399 3092 156625ululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululul
46 6062 362 1508 93 609693 3146 281347 190 35920 1128 3080ululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululul
47 3781 278 395 106 1262756 3518 1093810 195 59966591 20716 7024103ululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululul
54 33530 794 16618 117 29611 734 1683 199 375599 2120 111757ululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululul
63 30461 722 20689 118 18312 760 3654ululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululul
65 13523 572 6309 128 20518 894 4074ulululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululululcc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
cc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
cc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
cc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
cc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
cc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
cc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
cc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
cc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
cc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
cc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
cc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
cc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
cc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
cc
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
Table 2. ω0(m) = (100)m (1 ≤ m ≤ 200)
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Table 3. Some periodic cycles.
5. Periodic Behavior of T 0
Periodicity in the behavior of T 0 has been investigated in [10]. However, a better starting point is the
following “folklore theorem”.
Theorem 5.1. Let p,q,r∈Σ∗ with p ≠ λ, r ≠ λ, and pq = qr. Then either q = λ and p = r, or there exist
strings u,v∈Σ∗ and a number j (j∈IN) such that p = uv, r = vu, and q = (uv)ju = u (vu)j . `
We distinguish the following two cases. By the definition of P each period must be even.
Case 1: The periodic cycle contains a string of which the length is a multiple of three. For periodic
strings of minimal length we have q = λ, p = ωt = ωt + pi = r (t ≥ τ) and c p c = c r c = 3 ⋅ pi. Simple combina-
torial arguments yield, e.g.,
g pi = 2, p = r = AB = x, q = λ, c p c = c AB c = 6,
g pi = 4, p = r = BBAA = y, q = λ, c p c = c BBAA c = 12.
Once we have some periodic strings it is easy to proceed since if pi∈Σ∗ (i = 1,2) are cyclic with period
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pii and c pi c = 0 mod 3, then p 1p 2 is periodic with period pi and pi ≤ pi1 + pi2 . But sometimes we have
pi = pi1 + pi2 , e.g., for xy or yx we have pi = 6.
Proposition 5.2. For each k (k ≥ 1), there exists a string that generates a cycle of period 2 ⋅ k.
Proof: For k = 1, 2, 3 we take x, y and xy, respectively. Otherwise in case 2 ⋅ k = 6 ⋅ i + 2, 2 ⋅ k = 6 ⋅ i + 4
or 2 ⋅ k = 6 ⋅ i + 6 we take x (xy)i , (xy)iy and x (xy)iy, respectively. E.g., for pi = 8 we have
xxy ⇒2 xyx ⇒2 yxx ⇒4xxy ⇒ . . . `
Observation 5.3. If a string p of which the length is a multiple of three is periodic with period pi, then
each string p n (n ≥ 1) is also periodic with period pi. `
Case 2: The periodic cycle does not contain a string of which the length is a multiple of three. Now we
only have a single period.
Proposition 5.4. For each n (n ≥ 0), the string BAAx (yx)n is periodic with pi = 6.
Proof: For n ≥ 1, BAAx (yx)n = BAAxyx (xy)n − 1 ⇒2 Axyx (yx)n − 1BB = AABBBAAx (yx)n − 1BB ⇒4BA
Ax (yx)n − 1BBAAAB = BAAx (yx)n and for n = 0, BAAx ⇒2 AxBB = AABBB ⇒4 BAAAB = BAAx. `
Comparing this proof and Theorem 5.1 yields p = BAAxB, q = BAAx (yx)n − 1 , r = yx, u = BAAx,
v = B for n ≥ 1, and p = BAAxB, q = B −1 , r = yx, u = BAAx and v = B for n = 0. The “strange” value for
q in case n = 0 corresponds to a substring B that is both generated and consumed during a single period.
For Case 2 we have no analogue of 5.3.
In [10] it is claimed that there are no other periodic cycles than those mentioned above.
6. Conclusions and Open Problem
Simple discrete nonlinear systems like T 0 and the 3x + 1 problem are still as intractable and intriguing
as ever. We showed that the periodic behavior of T 0 is more complicated than the simple 3-cycle in the
3x + 1 conjecture; cf. §4 and §5. For T 0 we have, apart from vanishing inputs, that for each k (k ≥ 1),
there exist infinitely many periodic cycles with period 2 ⋅ k. And there is still the possibility of “explod-
ing” input strings.
Figure 2. Figure 3.
A suitable candidate for this last possibility is the case m = 110 for which the computer simulation
did not yet produce a final answer. After 6864.41 ∗ 109 = 6.86441 ∗ 1012 simulation steps we only
know that M (110) ≥ 17 144 686 and T (110) ≥ 5 395 443 171 968. See Figures 2-4 where we plotted the
string length as function of the number of steps (in 109’s). This is very long computation indeed, viz.
12.4 MIPSyear. (A MIPSyear is the number of instructions performed on a 1 MIPS machine during a
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Figure 4. Figure 5.
year, i.e., 1 MIPSyear = 3.1536 ∗ 1013 instructions). So on a DEC µVAX-2000 (1 MIPS machine), a
SUN 3/60 (2.5 MIPS), a SUN SPARC (12 MIPS) and a SUN SPARC+ (16 MIPS) it takes 12.4, 5.0, 1.0
and 0.8 year, respectively. Per hour we simulate on these machines 0.09 ∗ 109 , 0.22 ∗ 109 , 1.10 ∗ 109
and 1.35 ∗ 109 steps, respectively. In case T 0 will explode for m = 110, then it is a very slow (or “soft”)
explosion since it takes 2000 to 3000 steps in the average to increase the string length by 1. Cf. Figure
5 where we show M (t) / t as function of t ; M (t) being the maximum string length reached on the inter-
val [0,t ].
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